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We propose a quantum algorithm in an embedding ion-trap quantum simulator for the efficient computation
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I. INTRODUCTION
Quantum simulators [1, 2] are currently designed with a
one-to-one approach, which implies a one-to-one correspon-
dence between the Hilbert space dimensions of the simulated
system and the simulating architecture. Key examples of this
approach involve the quantum simulation of black holes in
Bose-Einstein condensates [3], relativistic quantum mechani-
cal problems [4, 5] and quantum phase transitions [6] in op-
tical lattices, many-body systems with Rydberg atoms [7],
the quantum Rabi model [8] and quantum relativistic dynam-
ics [9] in superconducting circuits. Similar efforts have been
invested in trapped-ion technologies for simulating spin mod-
els [10–14], relativistic scattering processes [15–20], and in-
teracting fermionic and bosonic theories including quantum
chemistry problems [21–24]. In this way, one-to-one quan-
tum simulators allow us to reproduce the dynamics of a va-
riety of quantum mechanical models. However, performing a
reliable quantum simulation does not grant efficient and direct
experimental access to parameters of interest as, for example,
entanglement monotones [25, 26]. The usual methodology in
quantum simulations reads: (a) implementation of a certain
quantum evolution, (b) infer information about the system via
state tomography, and (c) compute classically relevant physi-
cal quantities out of the inferred system density matrix. Given
that state tomography becomes exponentially harder with an
increasing number of qubits, the one-to-one approach scales
unfavorably. Thus, one may be misled to the conclusion that
we are limited to scenarios where figures of merit can be di-
rectly or efficiently measured. For instance, a physical quan-
tity such as the concurrence [27], or its generalization to N
qubits [28], is not an observable because its definition involves
an antilinear operation. We have the same situation with the
negativity [29], requiring partial transpose operations. These
entanglement measures need full state tomography, which be-
comes unfeasible for rapidly growing Hilbert-space dimen-
sions. In this context, embedding quantum simulators (EQS)
provide a mathematical framework for the efficient compu-
tation of a class of physical quantities that otherwise would
require full state reconstruction [30–32], enhancing the capac-
ities of one-to-one quantum simulators.
In this Letter, we provide an experimental quantum simu-
lation recipe to efficiently compute entanglement monotones
involving antilinear operations, developing the EQS concepts
for an ion-trap based quantum computer. The associated quan-
tum algorithm is composed of two steps. First, we embed
the N-qubit quantum dynamics of interest into a larger Hilbert
space involving only one additional ion qubit and stroboscopic
techniques. Second, we extract the corresponding entangle-
ment monotones with a protocol requiring only the measure-
ment of the additional single qubit. It is noteworthy to men-
tion that, for the computation of the associated entanglement
monotones, the EQS approach does not require full-state to-
mography. Finally, we show how to correct experimental im-
perfections induced by our quantum algorithm.
Entanglement monotones are functionals of the quantum
state of a system taking zero value when the state is sepa-
rable, and do not increase under local operations and classi-
cal communication (LOCC). For pure states, a class of entan-
glement monotones can be defined as EΨ(t) = |〈Ψ|Θ|Ψ∗〉| =
|〈Ψ|ΘK|Ψ〉|, where Θ is some Hermitian operator, and K is
the complex-conjugation operation [33]; see, for example, the
case of the two-qubit concurrence [27] whereΘ= σy⊗σy. As
a consequence, EΨ(t) does not correspond to the the expecta-
tion value of a physical observable, thus it cannot be directly
measured. Let us assume that we have an N-qubit system,
represented by the wavefunction ψ , evolving under a Hamil-
tonian H. As described above, this system will be embedded
in a larger one, requiring only one additional qubit, in such a
way that K becomes a physical operation [19]. The embed-
ding procedure is based on the following mapping
ψ −→ Ψ= 12
(
ψ+ψ∗
iψ− iψ∗
)
,
H = A+ iB −→ H˜ = [iI2⊗B−σ y⊗A].
(1)
Here, ψ ∈ C2N and H ∈ C2N × C2N are the wavefunc-
tion and Hamiltonian (with A and B its real and imaginary
parts) governing the dynamics of the N-qubit system in the
simulated space, while Ψ and H˜ correspond to their im-
ages in the enlarged Hilbert space, these having a dimen-
sion of 2N+1 and 2N+1 × 2N+1 respectively. The matrix
M = (1 , i)⊗ I2N , projects the states of the embedding quan-
tum simulator onto the simulated space through the iden-
tity ψ(t) = MΨ(t). For example, for a single-qubit case
where ψ(t) = (α(t),β (t))T , T being the transpose oper-
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2ation, the corresponding enlarged-wavefunction is Ψ(t) =
(αr(t),βr(t),αi(t),βi(t))T , with αr,i(t), βr,i(t) the real and
imaginary parts of α(t) and β (t) respectively, and the M ma-
trix is M =
(
1 0 i 0
0 1 0 i
)
. Note that due to the property
MH˜ =HM, the previous relation is valid at any time t as long
as the embedding quantum simulator is initialized such that
ψ(0) = MΨ(0). Although this mapping from ψ(0) to Ψ(0)
is nonphysical, the initial state Ψ(0) can be directly gener-
ated from the ground state of the simulator. In the embedding
quantum simulator, the physical quantum gate σ z ⊗ I2N ap-
plied to Ψ produces a quantum state corresponding to ψ∗ in
the simulated space, i.e. M(σz⊗ I2N )Ψ(t) = ψ∗(t). This will
allow us to efficiently compute correlations betweenψ andψ∗
in terms of standard expectation values in the enlarged space
as follows
〈ψ|Θ|ψ∗〉= 〈Ψ|M†ΘM(σ z⊗ I2N )|Ψ〉
= 〈Ψ|(σ z− iσ x)⊗Θ|Ψ〉, (2)
with Θ being a Hermitian operator. In this way, the expecta-
tion value of the antilinear operatorΘK in the simulated space
can be evaluated via the measurement of σ z⊗Θ and σ x⊗Θ
in the enlarged Hilbert space.
II. TRAPPED-ION IMPLEMENTATION
Trapped-ion systems are among the most promising tech-
nologies for quantum computation and quantum simulation
protocols [34]. In such systems, fidelities of state prepara-
tion, two-qubit gate generation, and qubit detection, exceed
values of 99% [35]. With current technology, more than 140
quantum gates including many body interactions have been
performed [14]. In this sense, the technology of trapped ions
becomes a promising quantum platform to host the described
embedded quantum algorithm. In the following analysis, we
will rely only on a set of operations involving local rotations
and global entangling Mølmer-Sørensen (MS) gates [35, 36].
In this sense, our method is not only applicable to trapped-
ion systems. In general, it can be used in any platform where
MS gates, or other long-range entangling interactions, as well
as local rotations and qubit decoupling are available. Among
such systems, we can mention cQED [37] where an imple-
mentation of MS gates has been recently proposed [38], or
quantum photonics where MS interactions are available after
a decomposition in controlled NOT gates [39].
The embedded dynamics of an interacting-qubit system is
governed by the Schrödinger equation ih¯∂tΨ = H˜Ψ, where
the Hamiltonian H˜ is H˜ = ∑ j H˜ j and each H˜ j operator corre-
sponds to a tensorial product of Pauli matrices. In this way,
an embedded N-qubit dynamics can be implemented in two
steps. First, we decompose the evolution operator using stan-
dard Trotter techniques [2, 40],
Ut = e−
i
h¯ ∑ j H˜ jt ≈
(
Π je−iH˜ jt/n
)n
, (3)
where n is the number of Trotter steps. Second, each expo-
nential e−
i
h¯ H˜ jt/n can be implemented with a sequence of two
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FIG. 1. (color online) a) Level scheme of 40Ca+ ions. The standard
optical qubit is encoded in the m j = −1/2 substates of the 3D5/2
and 4S1/2 states. The measurement is performed via fluorescence
detection exciting the 42S1/2 ↔ 42P1/2 transition. b) The qubit can
be spectroscopically decoupled from the evolution by shelving the
information in the m j =−3/2,−5/2 substates of the 3D5/2 state.
Mølmer-Sørensen gates [36] and a single qubit rotation be-
tween them [22, 41]. These three quantum gates generate the
evolution operator
eiϕσ
z
1⊗σx2⊗σx3 ...⊗σxN , (4)
where ϕ = gt, g being the coupling constant of the single
qubit rotation [41]. In Eq. (4), subsequent local rotations
will produce any combination of Pauli matrices. As it is the
case of quantum models involving Pauli operators, there ex-
ist different representations of the same dynamics. For ex-
ample, the physically equivalent Ising Hamiltonians, H1 =
ω1σ x1 +ω2σ
x
2 +gσ
y
1⊗σ y2 and H2 =ω1σ y1 +ω2σ y2 +gσ x1⊗σ x2 ,
are mapped onto the enlarged space as H˜1 = −ω1σ y0 ⊗σ x1 −
ω2σ y0 ⊗σ x2 −gσ y0 ⊗σ y1 ⊗σ y2 and H˜2 = ω1σ y1 +ω2σ y2 −gσ y0 ⊗
σ x1⊗σ x2 . In principle, both Hamiltonians H˜1 and H˜2 can be im-
plemented in trapped ions. However, while H˜1 requires two-
and three-body interactions, H˜2 is implementable with a col-
lective rotation applied to the ions 1 and 2 for the implementa-
tion of the free-energy terms, and MS gates for the interaction
term. In this sense, H˜2 requires less experimental resources
for the implementation of the EQS dynamics. Therefore, a
suitable choice of the system representation can considerably
enhance the performance of the simulator.
III. MEASUREMENT PROTOCOL
We want to measure correlations of the form appearing in
Eq. (2), with Θ a linear combination of tensorial products of
Pauli matrices and identity operators. This information can
be encoded in the expectation value 〈σαa 〉 of one of the ions
in the chain after performing two evolutions of the form of
3Eq. (4). Let us consider the operators U1 = e−iϕ1(σ
i
1⊗σ j2⊗σ k3 ...)
and U2 = e−iϕ2(σ
o
1⊗σ p2 ⊗σ
q
3 ...) and choose the Pauli matrices
σ i1,σ
j
2 , ... and σ
o
1 ,σ
p
2 , ... such that U1 and U2 commute and
both anticommute with the Pauli operator to be measured σαa .
In this manner, we have that
〈σαa 〉ϕ1,ϕ2= pi4 = 〈U
†
1 (
pi
4
)U†2 (
pi
4
) σαa U1(
pi
4
)U2(
pi
4
)〉
= 〈σ i1σo1 ⊗σ j2σ p2 ⊗ ...⊗σαa σ laσ ra ...〉. (5)
Then, a suitable choice of Pauli matrices will produce the
desired correlation. Note that this protocol always results
in a correlation of an odd number of Pauli matrices. In
order to access a correlation of an even number of qubits,
we have to measure a two-qubit correlation σαa ⊗ σβb in-
stead of just σαa . For the particular case of correlations of
only Pauli matrices and no identity operators, evolution U2
is not needed and no distinction between odd and even cor-
relations has to be done. For instance, if one is interested
in an even correlation like σ y1 ⊗σ x2 ⊗σ x3 ⊗σ x4 ⊗ I5⊗ ...⊗ IN ,
N being the number of ions of the system, then
one would have to measure observable σ y1 ⊗ σ x2 af-
ter the evolutions U1 = e
−i(σx1⊗σy2⊗σ
y
3⊗σ
y
4⊗σ
y
5⊗...⊗σ
y
j⊗...)ϕ
and U2 = e
−i(σx1⊗σ y2⊗σ z3⊗σ z4⊗σ
y
5⊗...⊗σ
y
j⊗...)ϕ . However, for
the particular case of N = 4 a single evolution U1 =
e−i(σ
x
1⊗σ x2⊗σ x3⊗σ x4 )ϕ and subsequent measurement of 〈σ z1〉 is
enough. Note that all the gates in the protocol, as they are
of the type of Eq. (4), are implementable with single qubit
and MS gates.
IV. EXAMPLES
Consider the Ising Hamiltonian for two spins,
H = h¯ω1σ y1 +ω2σ
y
2 +gσ
x
1 ⊗σ x2 whose image in the enlarged
space corresponds to H˜ = ω1σ y1 + ω2σ
y
2 − gσ y0 ⊗ σ x1 ⊗ σ x1 .
The evolution operator associated to this Hamiltonian can
be implemented using the Trotter method from Eq. (3)
with (H˜1, H˜2, H˜3) = (ω1σ y1 ,ω2σ
y
2 ,−gσ y0 ⊗ σ x1 ⊗ σ x2 ). While
evolutions e−
i
h¯ H˜1t/n and e−
i
h¯ H˜2t/n can be implemented with
single ion rotations, the evolution e−
i
h¯ H˜3t/n, which is of the
kind described in Eq. (4), is implemented with two MS gates
and a single ion rotation. This simple case allows us to com-
pute directly quantities such as the concurrence measuring
〈σ z0σ y1σ y2〉 and 〈σ x0σ y1σ y2〉. According to the measurement
method introduced above, to access these correlations we
first evolve the system under the gate U = e−i(σ
y
0⊗σ
y
1⊗σ
y
2 )ϕ for
a time such that ϕ = pi2 , and then measure 〈σ x0 〉 for the first
correlation and 〈σ z0〉 for the second one.
Based on the two-qubit example, one can think of im-
plementing a three-qubit model as HGHZ = ω1σ y1 +ω2σ
y
2 +
ω3σ y3 + gσ
x
1 ⊗ σ x2 ⊗ σ x3 , which in the enlarged space corre-
sponds to
H˜GHZ = ω1σ y1 +ω2σ
y
2 +ω3σ
y
3 −gσ y0 ⊗σ x1 ⊗σ x2 ⊗σ x3 . (6)
This evolution results in GHZ kind states, which can be read-
ily detected using the 3-tangle τ3 [42]. This is an entangle-
ment monotone of the general class of Eq. (2) that can be
a) b)
c) d)
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FIG. 2. (color online) Numerical simulation of the 3-tangle evolving
under Hamiltonian in Eq. (6) and assuming different error sources.
In all the plots the blue line shows the ideal evolution. In a), b), c)
depolarizing noise is considered, with N=5,10 and 20 Trotter steps,
respectively. Gate fidelities are ε = 1,0.99, 0.97, and 0.95 marked
by red rectangles, green diamonds, black circles and yellow dots,
respectively. In d) crosstalk between ions is added with strength ∆0 =
0,0.01, 0.03, and 0.05 marked by red rectangles, green diamonds,
black circles and yellow dots, respectively. All the simulations in d)
were performed with 5 Trotter steps. In all the plots we have used
ω1 = ω2 = ω3 = g/2 = 1.
computed in the enlarged space by measuring
∣∣−〈ψ˜(t)|σz⊗
I2 ⊗ σy ⊗ σy − iσx ⊗ I2 ⊗ σy ⊗ σy|ψ˜(t)〉2 + 〈ψ˜(t)|σz ⊗ σx ⊗
σy⊗ σy− iσx ⊗ σx ⊗ σy⊗ σy|ψ˜(t)〉2 + 〈ψ˜(t)|σz⊗ σz⊗ σy⊗
σy− iσx⊗σz⊗σy⊗σy|ψ˜(t)〉2
∣∣. More complex Hamiltoni-
ans with interactions involving only three of the four parti-
cles can also be implemented. In this case, the required en-
tangling operations acting only on a part of the entire reg-
ister can be realized with the aid of splitting the MS oper-
ations into smaller parts and inserting refocusing pulses be-
tween them as shown in Ref. [41]. An alternative method is
to decouple the spectator ions from the laser light by shelv-
ing the quantum information into additional Zeeman substates
of the ions as sketched in Fig. (1) for 40Ca+ ions. This pro-
cedure has been successfully demonstrated in Ref. [43]. For
systems composed of a larger number of qubits, for example
N > 10, our method yields nontrivial results given that the
standard computation of entanglement monotones of the kind
〈ψ(t)|Θ|ψ(t)∗〉 requires the measurement of a number of ob-
servables that grows exponentially with N. For example, in
the case of Θ = σ y⊗σ y⊗·· ·⊗σ y [33] our method requires
the evaluation of 2 observables while the standard procedure
based on state tomography requires, in general, the measure-
ment of 22N−1 observables.
4V. EXPERIMENTAL CONSIDERATIONS
A crucial issue of a quantum simulation algorithm is its sus-
ceptibility to experimental imperfections. In order to investi-
gate the deviations with respect to the ideal case, the system
dynamics needs to be described by completely positive maps
instead of unitary dynamics. Such a map is defined by the
process matrix χ acting on a density operator ρ as follows:
ρ→∑i, j χi, jσ iρσ j, where σ i are the Pauli matrices spanning
a basis of the operator space. In complex algorithms, errors
can be modeled by adding a depolarizing process with a prob-
ability 1− ε to the ideal process χ id
ρ → ε∑
i, j
χ idi, jσ
iρσ j+(1− ε) I
2N
. (7)
In order to perform a numerical simulation including this er-
ror model, it is required to decompose the quantum simula-
tion into an implementable gate sequence. Numerical simula-
tions of the Hamiltonian in Eq. (6), including realistic values
gate fidelity ε = {1,0.99,0.97,0.95} and for {5,10,20} Trot-
ter steps, are shown in Figs. 2 a), b), and c). Naturally, this
analysis is only valid if the noise in the real system is close
to depolarizing noise. However, recent analysis of entangling
operations indicates that this noise model is accurate [35, 44].
According to Eq. (7), after n gate operations, we show that
〈O〉Eid(ρ) =
〈O〉E (ρ)
εn
− 1− ε
n
εn
Tr(O), (8)
where 〈O〉Eid(ρ) corresponds to the ideal expectation value
in the absence of decoherence, and 〈O〉E (ρ) is the observ-
able measured in the experiment. Given that we are work-
ing with observables composed of tensorial products of Pauli
operators σ y0 ⊗ σ x1 ... with Tr(O) = 0, Eq. (8) will simplify
to 〈O〉Eid(ρ) =
〈O〉E (ρ)
εn . In order to retrieve with uncertainty
k the expected value of an operator O, the experiment will
need to be repeated Nemb =
( 1
kεn
)2
times. Here, we have used
k ≡ σE (ρ)〈O〉 = σ
E (ρ)
O /
√
N ( for large N), and that the relation
between the standard deviations of the ideal and experimental
expectation values is σE (ρ)O = σ
Eid(ρ)
O /ε
n. If we compare Nemb
with the required number of repetitions to measure the same
entanglement monotone to the same accuracy k in a one-to-
one quantum simulator, Noto = 3Nqubits
( 1
kδ n
)2
, we have
Nemb
Noto
= l
(
δ√
3ε
)2Nqubit
. (9)
Here, l is the number of observables corresponding to a given
entanglement monotone in the enlarged space, and δ is the
gate fidelity in the one-to-one approach. We are also asum-
ing that full state tomography of Nqubits qubits requires 3Nqubit
measurement settings for experiments exploiting single-qubit
discrimination during the measurement process [45]. Addi-
tionally, we assume the one-to-one quantum simulator to work
under the same error model but with δ fidelity per gate. Fi-
nally, we expect that the number of gates grows linearly with
the number of qubits, that is n∼Nqubit , which is a fair assump-
tion for a nearest-neighbor interaction model. In general, we
can assume that δ is always bigger than ε as the embedding
quantum simulator requires an additional qubit which natu-
rally could increase the gate error rate. However, for realistic
values of ε and δ , e.g. ε = 0.97 and δ = 0.98 one can prove
that NembNoto  1. This condition is always fulfilled for large sys-
tems if δ√
3ε
< 1. The latter is a reasonable assumption given
that in any quantum platform it is expected δ ≈ ε when the
number of qubits grows, i.e. we expect the same gate fidelity
for N and N+1 qubit systems when N is large. Note that this
analysis assumes that the same amount of Trotter steps is re-
quired for the embedded and the one-to-one simulator. This
is a realistic assumption if one considers the relation between
H and H˜ in Eq. (1). A second type of imperfections are un-
desired unitary operations due to imperfect calibration of the
applied gates or due to crosstalk between neighboring qubits.
This crosstalk occurs when performing operations on a sin-
gle ion due to imperfect single site illumination [35]. Thus
the operation szj(θ) = exp(−iθ σ zj/2) needs to be written as
szj(θ) = exp(−i ∑k εk, j θσ zk/2) where the crosstalk is charac-
terized by the matrix ∆. For this analysis, we assume that the
crosstalk affects only the nearest neighbors with strength ∆0
leading to a matrix ∆ = δk, j +∆0 δk±1, j. In Fig. 2 d) simula-
tions including crosstalk are shown. It can be seen, that sim-
ulations with increasing crosstalk show qualitatively different
behavior of the 3-tangle, as in the simulation for ∆0 = 0.05
(yellow line) where the entire dynamics is distorted. This ef-
fect was not observed in the simulations including depolariz-
ing noise and, therefore, we identify unitary crosstalk as a crit-
ical error in the embedding quantum simulator. It should be
noted that, if accurately characterized, the described crosstalk
can be completely compensated experimentally [35].
In conclusion, we have proposed an embedded quantum al-
gorithm for trapped-ion systems to efficiently compute en-
tanglement monotones for N interacting qubits at any time
of their evolution and without the need for full state tomog-
raphy. It is noteworthy to mention that the performance of
EQS would outperform similar efforts with one-to-one quan-
tum simulators, where the case of 10 qubit may be considered
already as intractable. Furthermore, we showed that the in-
volved decoherence effects can be corrected if they are well
characterized. We believe that EQS methods will prove useful
as long as the Hilbert-space dimensions of quantum simula-
tors grows in complexity in different quantum platforms.
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